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Abstract
In a market with stochastic interest rates, we consider an investor who can either (i) invest all if his
money in a savings account or (ii) purchase zero-coupon bonds and invest the remainder of his wealth in
a savings account. The indifference price of the bond is the price for which the investor could achieve the
same expected utility under both scenarios. In an affine term structure setting, under the assumption
that an investor has a utility function in either exponential or power form, we show that the indifference
price of a zero-coupon bond is the root of an integral expression. As an example, we compute bond
indifference prices and the corresponding indifference yield curves in the Vasicek setting and interpret
the results.
1 Introduction
When the short-rate is modeled as a stochastic process, the market is incomplete and there is not a unique
no-arbitrage price for a zero-coupon bond. Utility indifference pricing (see Carmona (2009) for an overview)
provides a framework for deducing bond prices uniquely. A number of authors have analyzed indifference
prices of corporate bonds under the assumption of constant interest rates and stochastic default intensi-
ties; see Bielecki and Jeanblanc (2006); Sigloch (2009); Houssou and Besson (2010); Jaimungal and Sigloch
(2012). By contrast, in this note, we deduce indifference prices of government bonds under the assumption
of a stochastic short-rate and no default. Notably, unlike the vast majority of papers on indifference pricing,
which present results for exponential utility only, in this note we consider both exponential and power utility.
Although government bonds are sufficiently liquid that there is no practical need to price them, our analysis
is still of interest, as it provides an answer to the question: how much would a risk-averse investor be willing
to pay for a bond?
The rest of this paper proceeds as follows: in Section 2 we describe the dynamics of a money market account
under the physical (i.e., real-world) probability measure. We consider an investor, who wishes to maximize
his expected utility of wealth at a future date. We define the investor’s indifference price for a zero-coupon
bond and the corresponding indifference yield curve. In Section 3 we compute the Laplace transform of the
future value of the money market account. Our main results appear in Section 4, where we show that the
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indifference price of a bond is the root of an integral expression, assuming the investor has a utility function
in either exponential form (Theorem 4.1) or power form (Theorem 4.2). In Section 5 we perform a numerical
study of indifference yield curves under the assumption that the short-rate has Vasicek dynamics. Some
remarks on the investor’s choice of numéraire offered in Section 6.
2 Market model and definitions
Let us fix a time horizon T < ∞ and probability space (Ω,F,P) with a filtration F = (Ft )0≥t≤T. The
measure P represents the physical (i.e., real-world) probability measure and the filtration F represents the
history of the market. Suppose an investor in this market can invest in two assets (i) a money market account,
which grows at the short-rate R = (Rt )0≤t≤T, and (ii) a T-maturity zero-coupon bond P
T = (PTt )0≤t≤T,
which pays one unit of currency at the maturity date T. We wish to answer the following question: How
much would this investor be willing to pay for ν zero-coupon bonds?
To answer this question, we suppose that the dynamics of the short-rate R = (Rt )0≤t≤T are of the form
dRt = µ(t , Rt )dt + σ(t , Rt )dWt ,
where W is a (P,F)-Brownian motion. We shall assume the µ and σ are such that the short rate belongs to
the class of one-factor affine term-structure (ATS) models
µ(t , r ) = µ0(t) + µ1(t)r , σ
2(t , r ) = σ0(t) + σ1(t)r . (2.1)
See (Filipovic, 2009, Chapter 5) for an overview. Let X = (Xt )0≤t≤T denote the value of a portfolio invested
entirely in the money market account. The dynamics of X are
dXt = RtXtdt .
Consider now, an investor who, at time t , has x units of currency invested in the money market account
and also owns ν zero-coupon bonds. The investor’s expected utility at time T is
V(t , x , r ; T, ν, γ) := Et ,x ,rU
(XT + νPTT
PTT
; γ
)
= Et ,x ,rU(XT + ν; γ),
where U is the investor’s utility function and γ is the investor’s risk aversion. Observe that the investor is
using the bond PT as numéraire. This is a logical choice as, once purchased, the bond provides a known rate
of return over the interval [t , T], whereas the return of the money market account over the interval [t , T] is
stochastic. For the above investor, the money market account is a riskier investment than the bond.
Now, consider an investor who has two investment options: he can either (i) invest all of his money in the
money market account, or (ii) purchase ν bonds for p units of currency each, and invest the rest of his
wealth in the money market account. Assuming a time t total wealth x , both options would yield the same
expected utility if the price p per bond satisfied
V(t , x , r ; T, 0, γ) = V(t , x – νp, r ; T, ν, γ). (2.2)
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Thus, we define the investor’s indifference price for ν zero-coupon bonds as the solution p ≡ p(t , x , r ; T, ν, γ)
of (2.2). If the market price of a bond were higher than the indifference price, then the investor would prefer
to invest his entire wealth in the money market account. If the market price of a bond were lower than the
indifference price, then the investor would prefer to purchase ν bonds and invest the rest of his wealth in
the money market account.
Frequently, bond prices are described in terms of their yield YT = (YTt )0≤t≤T, where
YTt :=
–1
T – t
logPTt .
Accordingly, we define the investor’s indifference yield y(t , x , r ; T, ν, γ) as follows
y(t , x , r ; T, ν, γ) :=
–1
T – t
log p(t , x , r ; T, ν, γ). (2.3)
If the market yield of a bond were lower than the indifference yield, then the investor would prefer to
invest his entire wealth in the money market account. If the market yield of a bond were higher than the
indifference yield, then the investor would prefer purchase ν bonds an invest the rest of his wealth in the
money market account.
3 Laplace transform of the money market account XT
In order to deduce the indifference price of a bond, we shall need the following proposition.
Proposition 3.1. Let L denote the Laplace transform of XT
L(t , x , r ; T, z ) := Et ,x ,re
–zXT . (3.1)
Then the function L satisfies
L(t , x , r ; T, z ) =
1
2pi
∫
R
dωr z
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)+iω log x , ωi > 0, (3.2)
where Γ denotes a Gamma function, ω = ωr + iωi and A and B satisfy
0 = ∂tA+ µ0B +
1
2σ0B
2, A(T,ω; T) = 0, (3.3)
0 = ∂tB + µ1B +
1
2σ1B
2 + iω, B(T,ω; T) = 0. (3.4)
Proof. The function L satisfies the following partial differential equation (PDE)
(∂t + L)L = 0, L(T, x , r ; T, z ) = e
–zx ,
where L is the generator of (X,R) and is given explicitly by
L = rx∂x + µ(t , r )∂r +
1
2σ
2(t , r )∂2r .
Consider the following change of variables
L(t , x , r ; T, z ) = M(t , q(x ), r ; T, z ), q(x ) = log x . (3.5)
3
It is easy to show that the function M satisfies
(∂t +M)M = 0, M(T, q , r ; T, z ) = exp(–z e
q ),
where the operator M is given by
M = r∂q + µ(t , r )∂r +
1
2σ
2(t , r )∂2r .
Now, let M̂ denote the generalized Fourier transform of M with respect to the q variable
M̂(t ,ω, r ; T, z ) := F[M(t , ·, r ; T, z )](ω) =
∫
R
dqM(t , q , r ; T, z )e–iωq .
Then, for any ω = ωr + iωi such that ωi > 0, the function M̂ satisfies
(∂t + M̂)M̂ = 0, M̂(T,ω, r ; T, z ) = z
iωΓ(–iω), (3.6)
where the operator M̂ is given by
M̂ = iωr + µ(t , r )∂r +
1
2σ
2(t , r )∂2r .
Now, consider the following Ansatz
M̂(t ,ω, r ; T, z ) = z iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T), A(T,ω; T) = 0, B(T,ω; T) = 0. (3.7)
Observe that the Ansatz M̂ in (3.7) satisfies the terminal condition in (3.6). Inserting the Ansatz (3.7) into
the PDE (3.6), recalling that µ are σ are of the form (2.1) and collecting terms of like order in r we find
that A and B satisfy the system of coupled ordinary differential equations (ODEs) given by (3.3) and (3.4).
Assuming A and B can be computed either analytically or numerically, then the function M is obtained by
taking the inverse Fourier transform of M̂. We have
M(t , q , r ; T, z ) = F–1[M̂(t , ·, r ; T, z )](q) = 1
2pi
∫
R
dωr M̂(t ,ω, r ; T, z )e
iωq
=
1
2pi
∫
R
dωr z
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)+iωq .
Finally, undoing the variable change (3.5), we find that the Laplace transform of XT is given by (3.2).
4 Bond indifference prices and indifference yields
Having obtained the Laplace transform of the money market account XT, we are now in a position to show
that the indifference price of a bond is the root of an integral expression. We will consider two cases (i) the
investor has a utility function of exponential form, and (ii) the investor has a utility function in the power
form.
Theorem 4.1 (Exponential utility). Suppose the investor’s utility function U is of the exponential form
U(x ; γ) =
–1
γ
e–γx , γ > 0, (4.1)
4
Then the indifference price p ≡ p(t , x , r ; T, ν, γ) satisfies
0 =
∫
R
dωr γ
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)
(
eiω log x – eiω log(x–νp)–γν
)
, ωi > 0, (4.2)
and the indifference yield y ≡ y(t , x , r ; T, ν, γ) satisfies
0 =
∫
R
dωr γ
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)
(
eiω log x – eiω log(x–νe
–(T–t)y )–γν
)
, ωi > 0, (4.3)
where A and B are the solutions of (3.3) and (3.4), respectively
Proof. Using (3.1), (3.2) and (4.1) we have
V(t , x , r ; T, ν, γ) =
–1
γ
Et ,x ,re
–γ(XT+ν,γ) =
–e–γν
γ
L(t , x , r ; T, γ)
=
–e–γν
2piγ
∫
R
dωr γ
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)+iω log x . (4.4)
From (2.2) we find that the indifference price p ≡ p(t , x , r ; T, ν, γ) satisfies
0 = –2piγ
(
V(t , x , r ; T, 0, γ) – V(t , x – νp, r ; T, ν, γ)
)
. (4.5)
Inserting (4.4) into (4.5) and simplifying yields (4.2). The expression (4.3) for the indifference yield y ≡
y(t , x , r ; T, ν, γ) follows from (2.3) and (4.2).
Theorem 4.2 (Power utility). Suppose the investor’s utility function U is of the power form
U(x ; γ) =
x 1–γ
1 – γ
, γ ∈ (0, 1) ∪ (1,∞). (4.6)
Then the indifference price p satisfies
0 =
∫ ∞
0
dz
z 2–γ
∫
R
dωr z
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)
(
eiω log x – eiω log(x–νp)–zν
)
, ωi > 0, (4.7)
and the indifference yield y ≡ y(t , x , r ; T, ν, γ) satisfies
0 =
∫ ∞
0
dz
z 2–γ
∫
R
dωr z
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)
(
eiω log x – eiω log(x–νe
–(T–t)y)–zν
)
, ωi > 0,(4.8)
where A and B are the solutions of (3.3) and (3.4), respectively.
Proof. In the case that γ ∈ (0, 1), using the following identity from from Schürger (2002)
xα =
α
Γ(1 – α)
∫ ∞
0
dz
z 1+α
(
1 – e–zx
)
, α ∈ (0, 1),
we obtain from (3.1), (3.2) and (4.6) that
V(t , x , r ; T, ν, γ) =
1
Γ(γ)
∫ ∞
0
dz
z 2–γ
(
1 – Et ,x ,re
–z (XT+ν,γ)
)
=
1
Γ(γ)
∫ ∞
0
dz
z 2–γ
(
1 – e–zνL(t , x , r ; T, z )
)
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=
1
Γ(γ)
∫ ∞
0
dz
z 2–γ
(
1 –
e–zν
2pi
∫
R
dωr z
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)+iω log x
)
. (4.9)
And, in the case that γ ∈ (1,∞), using the following identity from from Schürger (2002)
1
xα
=
1
Γ(α)
∫ ∞
0
dz zα–1e–zx , α > 0,
we obtain from (3.1), (3.2) and (4.6) that
V(t , x , r ; T, ν, γ) =
1
(1 – γ)Γ(γ – 1)
∫ ∞
0
dz
z 2–γ
Et ,x ,re
–z (XT+ν,γ)
=
–1
Γ(γ)
∫ ∞
0
dz
z 2–γ
e–νzL(t , x , r ; T, z )
=
–1
Γ(γ)
∫ ∞
0
dz
z 2–γ
e–zν
2pi
∫
R
dωr z
iωΓ(–iω)eA(t ,ω;T)+rB(t ,ω;T)+iω log x . (4.10)
From (2.2) we have
0 = –2piΓ(γ)
(
V(t , x , r ; T, 0, γ) – V(t , x – νp, r ; T, ν, γ)
)
. (4.11)
Inserting either (4.9) or (4.10) into (4.11) we find that, for both γ ∈ (0, 1) and γ ∈ (1,∞), the indifference
price p satisfies (4.7). The expression (4.8) for the indifference yield y ≡ y(t , x , r ; T, ν, γ) follows from (2.3)
and (4.7).
Indifference bond prices and yields can be easily found using a numerical root-finding algorithm such as
FindRoot[] in Wolfram’s Mathematica.
5 Example: Vasicek model
In this section, we assume that the short-rate R has Vasicek dynamics Vasicek (1977)
dRt = κ(θ – Rt )dt + δdWt .
Note that the Vasicek model is an ATS model with
µ0(t) = κθ, µ1(t) = –κ, σ0(t) = δ
2, σ1(t) = 0. (5.1)
Inserting (5.1) into (3.3) and (3.4) and solving the ODEs we obtain
A(t ,ω; T) =
iωθ
κ
(
e–κ(T–t) – 1 + κ(T – t)
)
+
ω2δ2
4κ3
(
e–2κ(T–t) – 4e–κ(T–t) +
(
3 – 2κ(T – t)
))
,
B(t ,ω, T) =
iω
κ
(
1 – e–κ(T–t)
)
.
Now, suppose that, with the money market account as numéraire, the market were pricing bonds under a
risk-neutral (i.e., martingale) measure P˜(λ), which is defined by a constantmarket price of interest rate
risk λ
dP˜(λ)
dP
= exp
(
–
1
2
λ2T – λWT
)
.
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Then the dynamics of R under P˜(λ) would be
dRt = κ(θ˜(λ) – Rt )dt + δdW˜
(λ)
t , θ˜(λ) := θ – δλ/κ,
where the process W˜
(λ)
= (W˜
(λ)
t )0≤t≤T, defined by W˜
(λ)
t = Wt + λt , is a (P˜
(λ),F)-Brownian motion.
market bond prices P˜
T,(λ)
= (P˜
T,(λ)
t )0≤t≤T and the correspondingmarket yields Y˜
T,(λ)
= (Y˜
T,(λ)
t )0≤t≤T
would be given by
P˜
T,(λ)
t = E˜
(λ)
(
e
–
∫ T
t
Rsds
∣∣∣Ft) =: p˜(t , Rt ; T,λ),
Y˜
T,(λ)
t =
– log P˜
T,(λ)
t
T – t
=
– log p˜(t , Rt ; T,λ)
T – t
=: y˜(t , Rt ; T,λ).
The function p˜ satisfies the following PDE
(∂t – r + A˜
(λ))p˜ = 0, p˜(T, r ; T,λ) = 1,
where the operator A˜(λ) is the generator of R under P˜(λ) and is given explicitly by
A˜
(λ) = κ(θ˜(λ) – r )∂r +
1
2δ
2∂2r .
As R has ATS dynamics under P˜(λ), one can easily verify that p˜ is given by
p˜(t , r ; T,λ) = eA˜(t ;T,λ)+r B˜(t ;T,λ), (5.2)
where the functions A˜ and B˜ are defined as follows
A˜(t ; T,λ) := A(t , i; T), B˜(t ; T,λ) := B(t , i; T), θ → θ˜(λ).
Now, let us consider an investor with an exponential utility function, as described in Theorem 4.1. Fix the
following parameters
κ = 0.05, θ = 0.03, δ =
√
2κ2θ, t = 0, x = 5, r = 0.01.
On the left side of Figure 1 we plot the indifference yield curve y(t , x , r ; T, ν, γ) (i.e., the solution of (4.3))
as a function of T with the number of bonds purchased fixed at ν = 1 and with the risk-aversion parameter
varying from γ = 0.1 (blue) to γ = 0.2 (magenta). For comparison, we also plot the market yield curve
y˜(t , x , r ; T,λ) (dashed, black) assuming the market prices of risk is zero λ = 0. Observe that as the risk-
aversion parameter γ increases the corresponding indifference yield curves decrease. This is consistent with
the intuition that, the more risk-averse an investor is, the more willing he would be to accept a low but
known rate of return of a bond rather than a potentially higher but uncertain rate of return of a money
market account.
On the right side of Figure 1 we plot the indifference yield curve y(t , x , r ; T, ν, γ) as a function of T with
the risk-aversion parameter γ = 0.15 fixed and with the number of bonds purchased varying from ν = –4.5
(blue) to ν = 4.5 (magenta). Note that a negative ν indicates selling bonds. For comparison, we also
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plot the market yield curve y˜(t , x , r ; T,λ) (dashed, black) assuming the market prices of risk is zero λ = 0.
Observe that as the number of bonds purchased increases the corresponding indifference yield curves also
increase. This is consistent with the intuition that a risk-averse seller of a bond will ask a higher price than
a risk-averse buyer of a bond is willing to bid (thereby resulting in a bid-ask spread).
Using (5.2), a direct computation shows that the dynamics of the market bond price P˜
T,(λ)
under the
physical probability measure P satisfies
d
( P˜T,(λ)t
Xt
)
= Q
T,(λ)
t
( P˜T,(λ)t
Xt
)
dt + S
T,(λ)
t
( P˜T,(λ)t
Xt
)
dWt ,
where the drift QT,(λ) and volatility ST,(λ) are given by
Q
T,(λ)
t =
1
p˜(t , RT; T,λ)
(
∂t – Rt + κ(θ – Rt )∂r +
1
2δ
2∂2r
)
p˜(t , RT; T,λ), (5.3)
S
T,(λ)
t =
1
p˜(t , RT; T,λ)
δ∂r p˜(t , RT; T,λ). (5.4)
One can show from (5.2) that
Q
T,(λ)
t
S
T,(λ)
t
= λ,
which allows us to interpret the market price of risk λ as the return QT,(λ) that the market pays an investor
in order to bear the risk of holding a bond with volatility ST,(λ). Using the above, we can (and we do) define
the investor’s indifference price of interest rate risk as the solution λ ≡ λ(t , x , r ; T, ν, γ) of
p(t , x , r ; T, ν, γ) = p˜(t , r ; T,λ).
On the left side of Figure 2, we plot the market yield y˜(t , r ; T,λ) as a function of T with the market price
of risk λ varying from λ = –0.05 (blue) to λ = 0.05 (magenta). For reference, we also plot y˜(t , r ; T, 0)
(dashed black). In the figure, we see that, as the market price of risk λ increases, the corresponding yield
curve decreases. This is to be expected, as the long-run mean θ˜(λ) of R under P˜(λ) is a decreasing function
of λ. A lower long-run mean θ˜(λ) results in a higher bond price and therefore a lower yield.
On the right-hand side of Figure 2 we plot the investor’s indifference price of interest rate risk λ(t , x , r ; T, ν, γ)
as a function of T with the investor’s risk aversion varying from γ = 0.1 (blue) to γ = 0.2 (magenta). To
understand the plot, consider the following: the investor described in Section 2 has chosen the bond as
numéraire. For this investor, it is the money market account, rather than the bond, that is the risky asset.
A routine application of Itô’s Lemma shows that X/PT,(λ) satisfies
d
( Xt
P
T,(λ)
t
)
=
(
(S
T,(λ)
t )
2 – Q
T,(λ)
t
)( Xt
P
T,(λ)
t
)
dt + S
T,(λ)
t
( Xt
P
T,(λ)
t
)
(–dWt ).
One can show from (5.2), (5.3) and (5.4) that
(S
T,(λ)
t )
2 – Q
T,(λ)
t
S
T,(λ)
t
= –λ –
δ
κ
(
1 – e–κ(T–t)
)
.
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The higher investor’s indifference price of interest rate risk λ, the lower the reward the investor perceives
for bearing the risk of holding the money market account. Thus, as the investor’s risk-aversion γ goes up,
we expect the investor’s implied price of interest rate risk to go up as well, and this is precisely what we see
in Figure 2.
6 On the investor’s choice of numéraire
Although we have not focused on it, one could have repeated the analysis of this manuscript assuming the
investor had used a money market account M = (Mt )0≤t≤T, rather than the bond, as his numéraire. In this
case, if the investor at x units of currency invested in the moneny market account at time t and additionally
owned ν bonds, his expected utility would be
V(t , x ,m , r ; T, ν, γ) := Et ,x ,m ,rU
(XT + νPTT
MT
; γ
)
= Et ,x ,m ,rU
(XT + ν
MT
; γ
)
,
where dMt = RtMtdt . In this scenario, the bond P
T would be considered the risky asset and the money
market account M would be considered the safe asset. Rather than repeat the entire analysis here, we simply
note that, if the investor has exponential utility, the indifference prices of a bond can be computed explicitly
as a numerical integral
p(t ,m , r ; T, ν, γ) = –
m
γν
log
1
2pi
∫
R
dωr Γ(iω)e
A(t ,ω;T)+rB(t ,ω;T)+iω log m
γν , ωi < 0,
and if the investor has power utility, the indifference price of a bond p ≡ p(t , x ,m , r ; T, ν, γ) satisfies
0 =
∫ ∞
0
dz
z 2–γ
e–zx/m
(
1 –
ezνp/m
2pi
∫
R
dωr Γ(iω)e
A(t ,ω;T)+rB(t ,ω;T)+iω log m
zν
)
, ωi < 0,
where A and B are the solutions to (3.3) and (3.4), respectively.
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Figure 1: Left : Indifference yields y(t , x , r ; T, ν, γ) as a function of T with ν = 1 fixed and risk aversion
varying from γ = 0.1 (blue) to γ = 0.2 (magenta). Right : Indifference yields y(t , x , r ; T, ν, γ) as a function
of T with γ = 0.15 and ν varying from ν = –4.5 (blue) to ν = 4.5 (magenta). Right and Left : The dashed
black line if the risk-neutral yield curve y˜(t , x , r ; T,λ) with λ = 0 fixed.
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Figure 2: Left : Risk-neutral yields y˜(t , r ; T,λ) as a function of T with λ varying from λ = –0.05 (blue)
to λ = 0.05 (magenta). The black-dashed line corresponds to λ = 0. Right : Investor’s indifference price
of interest rate risk λ(t , x , r ; T, ν, γ) as a function of T with ν = 1 fixed and the risk aversion varying from
γ = 0.1 (blue) to γ = 0.2 (magenta).
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